Let X be a finite spectrum. We prove that R(X (p) ), the endomorphism ring of the p-localization of X is a semi-perfect ring. This implies, among other things, a strong form of unique factorization for finite p-local spectra. The main step in the proof is that the Jacobson radical of R(X (p) ) is idempotent-lifting, which is proved by a combination of geometric properties of finite spectra and algebraic properties of the p-localization.
Introduction
This paper grows out of an attempt to understand the structure of the factors in the factorization of finite spectra. It is well-known that a finite p-local spectrum can be uniquely decomposed into a wedge of indecomposable spectra. The standard proof of this fact can be found in [3] , Ch.10: it is based on the unique factorization theorem for p-complete spectra combined with the tight connection between complete and local spectra. There is however an important difference between the local and the complete case: we will see later that the p-complete case can be derived directly from purely algebraic results about Z p -algebras and semi-perfect rings. On the other hand, there are no analogous results for Z (p) -algebras, and we are going to prove the p-local case using some geometry and a deeper algebraic result. In spite of that our proof turns out to be much shorter then the usual one, yields a stronger result and several important corollaries.
Throughout the paper we will use freely the standard terminology and notation of Margolis [3] for stable homotopy theory and of Lam [2] for semi-perfect rings.
For a spectrum X let R(X) be its ring of (zero-degree) endomorphisms. Much of the structure of X is reflected in the algebraic properties of R(X). In particular, X is indecomposable if, and only if R(X) has no non-trivial idempotents ( [3] , Lemma 10.1). More precisely, every decompositon of 1 ∈ R(X) into a sum of orthogonal idempotents 1 = e 1 +. . .+e n corresponds to a wedge-factorization X = X 1 ∨. . .∨X n , so a unique decomposition theorem for spectra clearly corresponds to some unique decomposition of the identity into a sum of idempotents.
To explain the connection between these concepts we must recall some of the structure theory of rings. The central role in it is played by the so called Jacobson radical J(R), which is defined as the intersection of all maximal ideals of the ring R. If R is an artinian ring then its radical is a nilpotent ideal, and the famous WederburnArtin theorem states that R/J(R) is a finite product of full matrix rings over division algebras. See sections 1.1 and 1.2 of [1] for a summary, or chapter 2 of [2] for a fuller account of the properties of the Jacobson radical and its role in ring theory.
Semi-perfect rings are a much wider class of rings that share two properties of artinian rings which are crucial for the Wedderburn-Artin structure theory. A ring R with Jacobson radical J is semiperfect if (cf. [2] Ch. 8) (a) R/J is semi-simple artinian (i.e. a product of full matrix rings over division algebras), and (b) J is idempotent-lifting.
An idempotent e ∈ R local if eRe is a local ring. Since local rings have no non-trivial idempotents, a local idempotent is a fortiori indecomposable. The characteristic property of semi-perfect rings is that they admit an essentialy unique complete set of local idempotents. More precisely, R is semi-perfect if, and only if there are orthogonal local idempotents e 1 , . . . , e n ∈ R such that e 1 + . . . + e n = 1, (cf. Theorem 23.6 of [2] ). Moreover if e 1 , . . . , e m is any other complete set of orthogonal local idempotents in R, then m = n and there is a unit u ∈ R such that after a suitable permutation of indices e i = ue i u −1 ([2], Remark 23.7).
We can now explain why the unique factorization of finite p-complete spectra is essentially an algebraic result. For a finite spectrum X the ring R(X p ) is a finiteẐ palgebra (i.e. aẐ p -algebra which is finitely generated as aẐ p -module). By 23.3 of [2] the ring R(X p ) is semi-perfect so there is a unique decomposition 1 = e 1 + . . . + e n into orthogonal local idempotents. This yields the unique factorization ofX p as a wedge of indecomposable p-complete spectra (see also [7] ). An analogous approach to the unique factorization of p-local spectra fails because a finite Z (p) -algebra is not in general semi-perfect.
Following is the outline of the contents. We begin the next section with some geometric constructions in the category of spectra. Then we state and prove the main theorem that R(X (p) ) is semi-perfect whenever X is a finite spectrum (two algebraic lemmas are treated separately in the Appendix). As a corollary we prove the unique factorization theorem. In the third section we describe few more applications. In particular we show that groups of morphisms to and from X (p) have projective covers as modules over R(X (p) ), and that the group of stable selfhomotopy equivalences of X (p) admits the LDU-decomposition.
Endomorphisms of local spectra
The main geometric ingredient of our argument is the fact that finite spectra can be suitably approximated by suspensions of the sphere spectrum. To be more precise, for every finite spectrum there is a rational isomorphism from a finite wedge of suspensions of the sphere spectrum to X, such that every self-map of X can be lifted to a self-map of the wedge.
Let F k be the functor which to each spectrum assigns the free part of its k-th stable homotopy group: F k (X) = {S k , X}/torsion, where S k denotes the k-fold suspension of the sphere spectrum. Let W = W (X) be the wedge of sphere spectra with the same Betti numbers as X. A choice of basis for F k (X), k ∈ Z yields a map f : W → X which is an F * -isomorphism (and hence, a rational isomorphism). For every r : X → X letr be the self-map of W whose effect on the basis of F * (W ) is determined by r and which is trivial on the torsion part of the stable homotopy groups of W . As the action of r andr coincide only on the free part of the homotopy groups, in general r • f = f •r; in fact we only know that r • f − f •r is a torsion element of {W, X}. When X is a finite spectrum the torsion part of {W, X} is finite and has an exponent n, therefore (nf ) •r = r • (nf ) for all r : X → X. The map nf : W → X is a rational isomorphism, and every self-map of X can be lifted (with respect to nf ) to a self-map of W .
We next move to the p-local setting. Assuming that the spectrum X is finite and applying p-localization we get a rational isomorphism
is a finite wedge of p-localized suspensions of the sphere spectrum. As before, to every r :
where k ≥ 1 and the multiplication by p k kills the torsion part of
commutes for every r : X (p) → X (p) . Moreover, w is a rational isomorphism as well, therefore for every finite p-local spectrum Z the kernel and cokernel of w * : {Z, X (p) } → {Z, W (p) } and w * : {W (p) , Z} → {X (p) , Z} are finite p-groups.
Theorem 2.1 If X is a finite spectrum then R(X (p) ) is a semiperfect ring.
Proof: We use the following notation: R := R(X (p) ) and J = J(R), the Jacobson radical of R.
Since the ring R is a finite Z (p) -algebra, Cor. 5.9 of [2] implies that the radical J contains J(Z (p) ) · R = pR. Then R/J is a quotient of R/pR which is finite, hence R/J is semi-simple artinian. It remains to prove that J is idempotent-lifting.
Consider w : W (p) → X (p) as above, and let
On the other hand, given r ∈ R and w • u ∈ I we have r • (w • u) = w • (r • u), hence I is a left ideal as well. As the cokernel of w * is finite, the index of I in R is finite. Moreover,
In short: I is a quasi-invertible ideal of finite index in R.
Denote by T the torsion ideal of R and consider the following chain of ideals:
In the corresponding diagram of quotients
the idempotents from R/J = (R/I)/(J/I) to R/I and from R/(I ∩ T ) to R can be lifted by Proposition 4.1 because the ideals J/I and I ∩ T are finite.
To lift idempotents from R/I to R/(I ∩ T ) we use the functor F * . Let R * := End(F * (X)), the endomorphism ring of the graded Z (p) -module F * (X). Clearly, R * is a finite product of full matrix rings over Z (p) . The kernel of the representation
is precisely the torsion ideal T R. Let
As the representation R → R * is in general not surjective, I * need not be a rightideal of R * . On the other side, the representation
. We conclude that I * is a left ideal of finite index in R * , and we have the following commutative diagram
where R * /I * is a finite left R * -module.
Let r+I ∈ R/I be an idempotent. Since I is a double-sided ideal I * r * = (Ir) * ≤ I * , so the right-multiplication by r * induces an idempotent endomorphism of R * /I * .
By Corollary 4.3 there is an idempotent α ∈ R * such that the right-multiplication by α induces the same endomorphism. Clearly α − r * ∈ I * , hence α = (r + w • u) * for some u : X (p) → W (p) . Clearly r+w•u is an idempotent modulo I. On the other hand, [(r +w •u) 2 −(r +w •u)] * = α 2 −α = 0, therefore (r +w •u) 2 −(r +w •u) ∈ T . It follows that (r + w • u) + I ∩ T is an idempotent in R/(I ∩ T ), which lifts r + I as required.
From the relation between semi-perfect rings and unique decomposition of spectra discussed in the Introduction we immediately obtain the unique factorization theorem for X (p) . More generally, if the Z/p -homology of the spectrum X is finite, then its Z (p) -homology is finitely generated over Z (p) and R(X (p) ) can be mapped with finite kernel and cokernel into finite-dimensional matrices. The same proof as above shows that R(X (p) ) is semi-perfect, so we get the following: Corollary 2.2 If H * (X; Z/p) is finite then X (p) admits a unique wedge-decomposition into indecomposable (p-local) spectra.
Applications
In this section we describe further applications of Theorem 2.1. In the first we exploit the rich theory of modules over semi-perfect rings in particular the existence of so-called projective covers, while in the second we improve some of our previous work on the group of stable self-homotopy equivalences.
Projective covers
For every finite spectrum Z the group {Z, X} is a finitely generated left R(X)-module, and {X, Z} is a finitely generated right R(X)-module. Finitely generated modules over semi-perfect rings have projective covers (see [6] , 2.8.H, in particular Theorem 2.8.40). We are going to explain the rather surprising topological meaning of this fact.
The projective cover of an R-module is an epimorphism θ : P → M where P is a projective R-module and the kernel Ker θ is a small submodule of P . Recall that a submodule S ≤ M is small (or superfluous) if N +S = M implies N = M . In every projective R-module P the submodule JP (where J is the radical of R) turns out to be a small submodule which contains all other small submodules (Proposition 24.4 and Theorem 24.7 of [2] ). When R = R(X) is semi-perfect it is not difficult to determine all projective R-modules. Proposition 3.1 Let X be a spectrum, such that R(X) is a semi-perfect ring (e.g. if X is a localization or a completion of a finite spectrum), and let X 1 , . . . , X n be the representatives of the homotopy-equivalence classes of factors in the unique wedge-decomposition of X into indecomposable spectra. Then {X k , X}, k = 1, . . . , n is the complete list of indecomposable projective left R(X)-modules and every fi-nitely generated projective left R(X)-module is of the form {Z, X} where Z is a wedge of indecomposable factors of X (possibly with repetition).
Proof: By [1], Theorem 2.10(a) the complete set of indecomposable R-projectives is Re 1 , . . . , Re n where e k range over non-equivalent indecomposable idempotents of R. Since the idempotents in R(X) are of the form e k = i k p k where i k : X k → X is the inclusion and p k : X → X k is the projection, the indecomposable projective R(X)-modules are precisely R(X)(
, Theorem 2.10(b) any finitely generated R(X)-projective is of the form
where each X j is equivalent to some X k .
As a consequence we have the following interesting result.
Theorem 3.2 Let X be a spectrum, such that R(X) is a semi-perfect ring. Then for every finite spectrum Z there is a spectrum Z which is a wedge of indecomposable factors in the wedge-decomposition of X, and an epimorphism θ : { Z, X} → {Z, X} with a small kernel (i.e. Ker θ ⊆ J{ Z, X} where J is the radical of R(X)).
Proof: {Z, X}/J{Z, X} is a left module over the semi-simple ring R(X)/J so it is a direct product of simple R(X)/J-modules (cf. where each X k is equivalent to some indecomposable factor of X. Since {X 1 , X} ⊕ . . . ⊕ {X m , X} is projective, the projection
can be lifted along the epimorphism {Z, X} → {Z, X}/J{Z, X} to a homomorphism θ : {X 1 ∨ . . . ∨ X m , X} → {Z, X}. By [2] , Proposition 24.12 the homomorphism θ is an epimorphism with small kernel.
Remark 3.3
We do not know if θ can be chosen so to be induced by some map Z → Z. If this turns to be the case it would be interesting to study the cofibre of such a map.
The above arguments can be dualized to yield analogous results for right modules: Proposition 3.4 Let X be a spectrum, such that R(X) is a semi-perfect ring, and let X 1 , . . . , X n be the representatives of the homotopy-equivalence classes of factors in the unique wedge-decomposition of X into indecomposable spectra. Then {X, X k }, k = 1, . . . , n is the complete list of indecomposable projective right R(X)-modules and every finitely generated projective right R(X)-module is of the form {X, Z} where Z is a wedge of indecomposable factors of X. Theorem 3.5 Let X be a spectrum, such that R(X) is a semi-perfect ring. Then for every finite spectrum Z there is an epimorphism θ : {X, Z} → {X, Z} with small kernel, where Z is a wedge of indecomposable factors in the wedge-decomposition of X.
LDU-decomposition
We are going to show that the group Aut S (X (p) ) of stable self-homotopy equivelences of X (p) (see references in [5] ) admits the so called LDU-decomposition (see [4] ). Let us begin with the basic definitions.
Given a space X we define its group of stable self-homotopy equivalences Aut S (X) as the group of invertible elements of the monoid {X,
Equivalently, if we identify X with its suspension spectrum then Aut S (X) corresponds to the group of invertible elements of the ring R(X).
Every decomposition 1 = e 1 + . . . + e n of the unit element of a ring R into a sum of orthogonal idempotents determines the so called Peirce decomposition of the ring R (see [2] , Ch. 21). One is naturally tempted to study the effect of this decomposition on the group of invertible elements R * of R. For a fixed order (e 1 , . . . , e n ) of orthogonal idempotents in R which sum up to 1, we define the following subsets of R * :
L := {r ∈ R * | e i re i = e i for all i, and e i re j = 0 for j < i}, U := {r ∈ R * | e i re i = e i for all i, and e i re j = 0 for j > i}, and D := {r ∈ R * | e i re j = 0 for j = i}.
(If we view elements of R as generalized n × n-matrices then the above subsets correspond respectively to upper-triangular unipotent, lower-triangular unipotent and diagonal matrices.) We say that the group R * admits the LDU-decomposition if R * = L · D · U , i.e. if every invertible element of R can be written canonically and uniquely as a product of a lower-triangular, a diagonal and an upper-diagonal element. In [4] , Theorem 3.3 and Corollary 3.8 we proved that under suitable assumptions the group R * admits the LDU-decomposition. In particular, these assumptions are always satisfied when R is a semi-perfect ring in the following sense. Let e 1 , . . . , e n be a complete set of indecomposable orthogonal idempotents in R. The idempotents e i and e j in R are of the same type if Re i ∼ = Re j . Partition e 1 , . . . , e n into subsets by collecting together idempotents of the same type. Thus we obtain a complete set of orthogonal idempotents u 1 , . . . , u m where each u i is the sum of idempotents of the same type. Then [4] , Theorem 3.12 states that R * admits the LDU-decomposition with respect to the idempotents u 1 , . . . , u m .
Let X (p) be the p-localization of a finite spectrum, and let X (p) = X 1 ∨. . .∨X n be its decomposition into indecomposable spectra. Some of the factors may be equivalent, so let X (p) = X 1 ∨ . . . ∨ X m be the decomposition in which each X k is obtained by collecting equivalent indecomposable factors. Finally, let 1 = u 1 + . . . + u m be the decomposition of 1 ∈ R(X (p) ) into a sum of orthogonal idempotents, where u k corresponds to the factor X k . Then Theorem 2.1 and Theorem 3.12 of [4] combine into following result. Theorem 3.6 For every finite spectrum X the group Aut S (X (p) ) admits the LDUdecomposition with respect to the idempotents u 1 , . . . , u m ∈ R(X (p) ) defined as above.
Appendix: Lifting idempotents
In this appendix we prove two algebraic results which were used in the proof of the main theorem. Recall that an ideal I R is idempotent-lifting, if every idempotent in R/I can be lifted to an idempotent in R or equivalently, if for every r ∈ R, such that r 2 − r ∈ I there exists an e ∈ r + I such that e 2 − e = 0.
Proposition 4.1 Every finite ideal is idempotent-lifting.
Proof: Let I be a finite ideal of R and let r + I be an idempotent in R/I. Then r 2 − r, r 3 − r, r 4 − r, . . . belong to the finite set I so there are m, n such that r m+n = r m . But then r mn is an idempotent in R which lifts r + I.
The concept of lifting of idempotents is not restricted to rings and their ideals. In general, given an epimorphism of modules p : N → M and an idempotent endomorphism e : M → M we say that the idempotentē : N → N is a lifting of e with respect to p if the following diagram commutes:
The following result relates liftings of idempotent endomorphisms to projective covers.
Theorem 4.2 Let q : Q → M be an epimorphism of R-modules with Q a projective module. If the image and the kernel of an idempotent endomorphism e : M → M admit projective covers then e can be lifted to Q with respect to q.
Proof: Let p 1 : P 1 → Im e and p 2 : P 2 → Ker e be the projective covers. Then by 24.11 (3) of [2] the map u : P 1 ⊕ P 2 → M , given by u(x 1 , x 2 ) = p 1 (x 1 ) + p 2 (x 2 ), is the projective cover of M , andē(x 1 , x 2 ) = (x 1 , 0) is an idempotent lifting of e with respect to u.
By Proposition 24.10 of [2] there is a split epimorphism π : Q → P such that u • π = p. If we denote by σ : P → Q the splitting of π then σ •ē • π is an idempotent lifting of e with respect to q.
If L is a left ideal of the matrix ring R = M n (Z (p) ) then we can apply the above result to the projection R → R/L. In fact, R is semi-perfect, so the cyclic module R/L and all of its direct summands admit projective covers. Every idempotent endomorphism of R/L is induced by the right multiplication by some r ∈ R, which is general not idempotent. However, by the above theorem r can be lifted to an idempotent, so we have the following Corollary 4.3 Let L be a left ideal in R = M n (Z (p) ). Then every idempotent endomorphism of the left R-module R/L is induced by the multiplication (from the right) by an idempotent r ∈ R.
